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Note, we present and discuss example calculations of 3DES
feedback extremals for a contemporary high-performance air-
craft. In addition to being required for the guidance law, the
3DES extremals are of interest in their own right, both as
numerical approximations to optimal trajectories and as a
means of gaining insight into the nature of high-performance-
aircraft optimal maneuvers.

Three-Dimensional Energy-State Extremals
The 3DES dynamic model is

, V,n, 0), x = gn sin0/ V

x = V cosx, y = V sinx, n cos0 = 1

where (') = d( )/dt, and the state variables are horizontal
position (x,y), heading angle (x), and specific energy (E); P is
specific excess power, and n is load factor. These equations are
valid in any inertial reference frame.

This dynamic model results from assuming altitude and
flight-path angle to be fast variables, compared with E, x, x,
and y. Many other time-scale separations of the flight dynamics
equations have been investigated; these are critically reviewed
in Ref. 3. The first systematic study of three-dimensional
flight-path optimization problems by singular perturbations
was performed by Kelley,4 and other noteworthy approaches
may be found in Refs. 5 and 6.

In Ref. 7 we developed necessary conditions for the optimal
controls 0 (throttle), 6 (bank angle), and V (speed) for the
minimum time transfer on the 3DES dynamic model and gave
example extremals for a specific aircraft. These extremals are
open-loop; they were produced by backward integration of the
necessary conditions and are thus parameterized in terms of
final conditions Ef and x/«

The extremals to be discussed in this Note differ in two
important aspects from those of Ref. 7. First, they are closed-
loop in the sense that iterative backward integrations have been
performed to match specified initial conditions. Consequently,
these extremals are parameterized in terms of initial conditions
£"0 and xo> as well as trajectory duration T. Second, the ex-
tremals are computed for a current-generation aircraft, a ver-
sion of the F-15, whereas those of Ref. 7 are for a version of
theF-4.

Time histories of example extremal trajectories in feedback
form for the F-15 aircraft are shown in Fig. 1. Two of the
control variables are shown (Fand co, the latter being a ratio
of bank angle to maximum available bank angle, as limited by
maximum load factor and stall) and two state variables (E
and x)- All trajectories have values of EQ = 50 x 103 ft and
T = 30 s.

In forward time (t = T — T), Fig. la shows that trajectories
with xo greater than approximately 75 deg start on the corner
velocity locus (locus of maximum instantaneous turn rate).
They then make successive transitions to two higher unbounded
speeds and finally end on the maximum speed bound. Trajec-
tories with xo < 75 deg begin with speeds greater than the corner
velocity and end at maximum speed. Figure Ib shows that
trajectories with xo>25 deg begin with full bank and then
smoothly transition to zero bank at termination. For xo<25
deg the trajectories start at less than full bank. It was also found
that, for xo greater than approximately 150 deg, the throttle
setting started at zero and subsequently switched to full but that
for xo< 150 deg the throttle is set at full throughout.

The paths of the extremal trajectories in the horizontal plane
are shown in Fig. 2. The particular inertial reference frame
chosen to display these results has its origin at trajectory
termination; this coordinate system has certain advantages in
pursuit-evasion.7 (Note that the x- and y- axis scales are dif-
ferent.) The characteristic of hard- turning transitioning into a
high-speed dash is apparent.

Figure 3 shows the trajectories in the flight envelope. Here
we see clearly the behavior of trajectories starting at large

heading angles: after an initial period of hard turning on the
corner velocity locus, the paths transition to the vicinity of the
energy climb path, where they remain briefly. They then jump
to a speed near the maximum speed and finally transition to the
maximum speed for the final dash. The energy climb path is the
locus of most rapid energy increase in vertical flight, and the
extremal control is apparently using this property to briefly
accumulate energy. In fact, the period of time spent near the
energy climb path coincides with the boost in energy between
20 and 25 s exhibited on Fig. Ic. The time spent on these
branches of the reduced solution will, of course, be greatly
reduced when boundary-layer corrections (fast dynamics) are
included.

Concluding Remarks
The trajectories generated in this analysis display features

that agree with aircraft pursuit-evasion and target-interception
experience. They consist primarily of segments of hard turn-
ing on the corner velocity locus and high-speed dash on the
maximum speed boundary, with occasional short intervals of
optimal energy accumulation. The fact that these trajectories
exhibit frequent large jumps between these various branches of
the 3DBS solution means that the transitions between these
branches, the boundary-layer motions, will be important. Even
in this situation, however, the reduced solution is of key
importance because in singularly perturbed systems it is the
reduced solution that provides the equilibrium points that are
the basis of the boundary-layer computations.
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Introduction

THE calculation of balanced representations and their
properties have been studied extensively.1'6 One aspect of

these representations, however, has not been studied; namely,
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what happens to the eigenvectors of the balanced system.
Under a state coordinate transformation, the eigenvalues of
the state matrix A are invariants, the eigenvectors are not. The
input and output matrices also are not invariant under such a
transformation. The balanced model has some interesting
symmetry properties; symmetry of the input matrix as com-
pared to the output matrix and symmetry of the A matrix
itself. For a single-input/single-output (SISO) system it has
been shown that the A matrix is parity symmetric and the
input and output matrices are also related by the same parity
matrix relating A to its transpose.2'3'6 For a multiple-input/
multiple-output (MIMO) system, balancing imposes some
symmetry on the A matrix itself as well as on the B and C
matrices. For a special class of MIMO systems, namely those
with orthogonally symmetric transfer function matrices, the A
matrix of the balanced representation also can be parity sym-
metric.7 The aforementioned symmetries will be reflected on
the right and left eigenvectors of the balanced representation.
In this Note, we show that this symmetry, taken together with
the symmetry imposed by balancing on the B and C matrices,
is bound to show in the alignment of the left eigenvectors and
the columns of the B matrix and the right eigenvectors and the
rows of the C matrix.

SISO-Balanced Representation
Let us consider a state-space representation

(la)x = Ax + bu

= cx

where A is n x n, b and cTeRn. The A matrix is assumed to
have distinct eigenvalues, and its eigenstructure is not ill-con-
ditioned. Let

API = \ipi (2)

A Tqi = A/*// (3)

where X/ is the /th eigenvalue of A, and A and qf are the
corresponding right and left eigenvectors. Let us define the
angle between the /th left eigenvector and b as

(4)

and the angle between the /th right eigenvector and c as

(5)

Lemma 1: In a balanced SISO representation, the angle
between the /th left eigenvector and the column vector b is the
same as the angle between the /th right eigenvector and the
column vector CT.

Proof: Moore1 noted that each of the SISO-balanced sys-
tems that he tested had an A matrix with absolute value
symmetry. Later on it was proved2'3'6 that a balanced SISO
system has an A matrix, which is either parity symmetric (i.e.,
A T = EAE, where E is a diagonal matrix with entries ± 1) or
it can be made parity symmetric through an orthogonal trans-
formation and b and c vectors such that b = EcT. Replacing
A T in Eq. (3) with EAE yields

A Tqi = EAEqi = \qf

which, on multiplication from the left with E, gives

(6a)

or

Pi = Eft (6b)

Since Z? = EcT, then \q?b\ = \cpt\ and ||&||=||cr||. Hence,

cosB(qifb) = cosflG^c7) (7)

If the original balanced representation is not parity symmetric,
then it can be made so using an orthogonal transformation.5
Since orthogonal transformations preserve angles and lengths,
Eq. (7) continues to hold in this case.

Example 1
Example 1 in Moore's paper1 is as follows:

0
0
0

50

1
0
0

-79

0 0
1 0
0 1

- 33 - 5

c = [50 15 1 0]

Whereas the angles 0(<7/,&) and flfec7) of the unbalanced
system are not equal, those of the balanced realizations are
equal, as shown in Table 1.

Example 2
Example 2 in Moore's paper1 is as follows:

A =
0 0 0 -150
1 0 0 -245
0 1 0 -113
0 0 1 -19

c = [000 1]

Again, whereas the angles 0(<7/,&) and flO^c7) of the unbal-
anced system are not equal, those of the balanced realizations
are equal, as shown in Table 2.

Table 1 Comparison of the angles obtained using the balanced and
unbalanced representations for Moore* s Example 1

Unbalanced representation Balanced representation
Mode

-1-75
_ i
-2

COS0 (#/,&)

0.0512
0.0512
0.0172
0.0271

COS0 (pt,CT)

0.0097
0.0097
0.3448
0.0499

COS0 (Qi9b)

0.4232
0.4232
0.8100
0.6283

cos0 (pt,cT)
0.4232
0.4232
0.8100
0.6283

Table 2 Comparison of the angles obtained using the balanced and
unbalanced representations for Moore's Example 2

Unbalanced representation
Mode cos0 (qi,b) cos0 (p/,c

Balanced representation
cos0 (#/,&) cos0 (p/,cr)

-1
-3
-5
-10

0.3638
0.0085
0.0019
0.0014

0.0056
0.0120
0.0184
0.0346

0.8903
0.8500
0.5885
0.525

0.8903
0.8500
0.5885
0.5252
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MIMO-Balanced Representation
Let us consider a MIMO representation

x = Ax + Bu (8a)

y = Cx (8b)

where B is n x m and C is I x «. We restrict our system to have
an orthogonally symmetric transfer function. Furthermore, let
us assume that the representation is balanced so that A is a
parity symmetric matrix.7 For this class of MIMO systems, we
can state the following results.

Lemma 2: For a MIMO-balanced system representation
with a parity symmetric A matrix, the B and C matrices satisfy
the following relation:

Proof: The controllability and observability Grammians of
representation (8) are equal and diagonal.1 The Grammian E2

satisfies the following Lyapunov equations:

= -BBT

= -CCT

(10)

(11)

Premultiplying Eq. (10) by q? and postmultiplying it with #/,
and premultiplying Eq. (11) by p/r and postmultiplying by p/
and using Eq. (6), we obtain the desired result.

Concluding Remarks
The significance of Lemma 1 is that the angles between the

left eigenvectors and b can be used as measures of modal
controllability, and the angles between the right eigenvectors
and c can serve as measures of modal observability.8 As a
result of Lemma 1, one can say that balancing makes not only
the state directions but also the modes equally controllable
and observable. Actually, every direction in the state space is
equally controllable and observable.

Lemma 2 indicates that B T magnifies qt to the same degree
that C magnifies /?/ for the MIMO system considered; ||#r#/||
depends on the alignment between the left eigenvector q{ and
the singular directions of B. If #/ lies in the subspace of the
singular directions of B corresponding to the zero singular
values, then ||5r<?/||is zero and the mode is not controllable.
Thus, \\BTqi || serves as a measure of gross controllability of the
/th mode from all inputs. A parallel argument applies for \\Cpi \\
and modal observability.8 In this case, balancing makes the
modes equally controllable and observable.
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E
[JGCD 12, 209-219 (1989)]

QUATION (3) on page 214 was printed incorrectly in the
published paper. The equation should appear as follows:

(3)

John E. Trussing and Bruce A. Conway
University of Illinois at Urbana-Champaign,

Urbana, Illinois

[JGCD 12, 433-435 (1989)]

DURING production of the paper, two equations were
inadvertently altered. On page 434, the equation follow-

ing Eq. (10) should read:

L»(x) = -

On page 435, Eq. (11) should read:

I f L ' ( / ? i ) <0 then x* =p2 (11)


